9.1 XA MR

6. Determine whether the relation R on the set of all real numbers is reflexive, symmetric,
antisymmetric, and/or transitive, where (x,y) € Rif and only if

C) X — y is a rational number.

d) x = 2y.
e)xy = 0.
g)x =1
hyx=1lory=1

d) I BR. I M. kIR, E FiE

e) BR. X, I kX, I %Z&E (F (1,0)and(0,-2) not imply (1,-2))

09) ¥ BR. I MR, RIIR. ZiE.

h) I Bx. R, I kIR FE ZFE (E (2,1)and(1,2) not imply (2, 2)).

33. Let R be the relation on the set of people consisting of pairs (a, b), where a is a parent of
b. Let S be the relation on the set of people consisting of pairs (a, b), where a and b are

siblings (brothers or sisters). What are S° Rand R° S?
%: S°R={(a b) | aisaparentof bandb has a sibling},

R°S = {(a, b) | ais an aunt or uncle of b}

93 XRANRTKEELRIZHE

14. Let R) and R; be relations on a set A represented by the
matrices

Mg, =|1 1 1| and Mg, =|0 1 1

Find the matrices that represent
a) RiUR>. b) RN R>. ¢) R)oR,.
d) Ry oR,. e) R ® R,.



[0 1 1

¢) The matrix is the Boolean product Mg, & Mg, = (1 1 1

0 1 0

[1 1 1]

d) The matrix is the Boolean product Mg, ©@ Mg, = |1 1 1

=& o1 0
.

32. Determine whether the relations represented by the di-
rected graphs shown in Exercises 26-28 are reflexive, ir-
reflexive, symmetric, antisymmetric, asymmetric, and/or
transitive.

27.

i b
Od === === .
‘ % UBE MR, HeMREA#HE, Ik Zi#(ca)and(ac)B
®H(cC)e.

04 XRHNBIZE

17. Find all circuits of length three in the directed graph in Exercise 16.

d
X a4, a,a; a, b e, a; a, d, e, a; b,c, c b; b, e, a, b; c,bcc
c.cb,c ¢, CC,C d, e a,d; d e e d; e ab, e e a, d, e
e d, e, e e e d, e e e e, e,

SREHRAZREER R HEE.



26. Use Algorithm [ to find the transitive closures of these

relations on {a, b, ¢, d, e}.

a) {(a c), (b, d) (c,a),(dDb), (e d)}

b) {(b ) (b e), (c e), (d a) (e D) (ec)}

¢) {(a b),(a,c)(ae) (b a)(bc)(ca)lcbh)(da),
(e.d)}

d) {(a e), (b a), (b d).(c.d),(d a)(dc)(ea)eb),
(e, ) (e, @)}

=
=]

b) For this and the remaining parts we just exhibit the matrices that arise.

000 00 00000 00000
00101 01 L ¢ 1 0110 1
A=10 0 0 0 1 A’ =10 11 0 0 A% =10 0 1 0 1
1 0 0 0 0 0O 0 0 0 0 0 0 0 0 0
01100 00101 01101

00000 00000

0 1 }-=0: 1 g X 1 0 1

AY =10 1 1 0 1| =AB® B=|(0 1101

00000 1 00 0 0

0: 1 2.0 1 01101

29. Find the smallest relation containing the relation {(1, 2), (1, 4), (3, 3), (4, 1)} that is
a) reflexive and transitive.

b) symmetric and transitive.

c) reflexive, symmetric, and transitive.

Z: DEHE t5(R), O)EE tsr(R).

b){(1,1),(1,2),(1,4),(2,1), (2 2),(2,4),(3,3), (4 1), (4, 2), (4, 4)}
0){1,1),(1,2),(1,4).(21),(22),(24),@33),(41),(42), 4 4)}

9.5 EMAK

8. Let R be the relation on the set of all sets of real numbers such that SRT if and only if S and

T have the same cardinality. Show that R is an equivalence relation. What are the equivalence
classes of the sets {0, 1, 2} and Z?

Proof: show that R is reflexive, symmetric, and transitive.

(1) Every set has the same cardinality as itself, so SRS, R is reflexive.

(2) If SRT, |S| =|T|, then [T| =|S|, TRS, so R is symmetric.

(3) If SRT and TRW, then |S| =|T|, |T| =|W]|, so S| =|W|, R is transitive.

16. Let R be the relation on the set of ordered pairs of positive integers such that ((a, b), (c,
d)) € Rifand only if ad = bc. Show that R is an equivalence relation.
Proof: show that R is reflexive, symmetric, and transitive.
(1) ((a, b), (c, d)) € Rifand only if ad = bc.
(a, b), (a, b)) € R because a-b=b-a, R is reflexive.



(2)If ((a, b), (c,d)) € R,thenad =bc, socb=da, ((c, d), (a, b)) € R, thus R issymmetric.
(3) If ((a, b), (c,d)) € Rand((c,d), (e, f)) € R,

Then ad=bc, cf=de.  adcf=bcde, because cd is nonzero, so af=be.

((a, b), (e, f)) € R, thus R is transitive.

9.6 AR

22. Draw the Hasse diagram for divisibility on the set
c){2, 3,5, 10, 11, 15, 25}.
25

s 2 5 311
%

35. Answer these questions for the poset ({{1}, {2}, {4}{1, 2}, {1, 4}, {2, 4}, {3, 4}, {1, 3, 4}, {2, 3,
4}}, ©).

a) Find the maximal elements.
% a){1,2,{1,3,4,{2,3 4

44. Determine whether these posets are lattices.

c)(Z, =)

% this s a lattice because it is a linear order. The least upper bound of two numbers in the
list is the smaller number (since here “greater” really means “less”!), and the greatest lower
bound is the larger of the two numbers.

#3t 9.1 MRREE_TER

20. Consider the binary operation * defined on the set
A = |a, b, ¢} by the following table.

o O RN|*
6 8 oYK
Qo>
S LS TR o B o)

(a) Is * a commutative operation?
(b) Compute a * (b * c) and (a * b) * c.
(¢) Is * an associative operation?

% (b) ax(bxc)=a*c=b, (axb)*c=c*c=b.

(c) not associative, (cxc)xc=b*c=c # a=c*b=c*(cxc).



24. Let A be a set with n elements. How many binary opera-
tions can be defined on A?

. 2 *
Solution: n™, R~E 2™

28, Let x be a binary operation on a set A, and suppose that
= satisfies the idempotent, commutative, and associative
properties, as discussed 1n Example 16. Define a relation
<onAbya < bifand only if » = @ x b. Show that
(A, <) is a poset and, for all ¢ and b, LUB(a, b) = a * b.

Proof':
1. £ 1is reflexive
Since idempotent, a = a%a, a < a for all a in A
2. < 1is antisymmetric
suppose that a < b and b < a.
Then, b = akb, and a = bka, because commutative, akbh = bka,
so a= b
3. £ 1is transitive
If a< band b < ¢, then ¢ = bre = (akb)*c = ax(bkc) = akc, so a <
c.
4, show akb = a v b, for all a and b/ in 4
(1) axb = ax(bxb) =(akb)*b=b*(a*b), so b < a*b.
In a similar way, axb = (a%a)*b =a*x(axb), so a <akbh.
so akb is a upper bound for a and A.
(2)if a < c and b < c.then ¢ = a*c and ¢ = bkc by definition.
Thus ¢ = a* (b*c)= (axh)*c. so a*h < c.
This shows that a*b is the leastest upper bound of a and A.

#3922 FHEEH

12. Let § = {x | x isareal numberand x # (, x # —1]. Con-
sider the following functions f;: S — §:1=1,2,...,6:

fi=x, AW =l-x, fSx)=-—

X
1 1 x
i =1 SO=1-- fix)=—1

Show that G = {fi, f5, f5, fa, f5. fs}is a group under the
operation of*composition. Give the multiplication table

of G.
Proof: (1) show composition is closure. MIZHE 3 B A T 4.



° f1 f2 f3 f4 5 6
f1 f1 f2 f3 f4 5 6
fo f2 f1 f5 f6 13 f4
f3 f3 f4 f1 f2 f6 5
f4 f4 13 f6 f5 f1 f2
f5 f5 f6 f2 f1 f4 f3
f6 f6 f5 f4 3 f2 f1

(2) identity e is f1;

(3) show every element exist reverse.
f27=f2, f37'=f3, f4'=f5, f6 =f6.

(4) show associate.

because ° is associate.

16. Let G be a group with identity e. Show thatif a® = e for
all @ in G, then G is Abelian.

Proof: If axa=e, VaeG. show commutative.
(1)group propertise (axb) '=b"*a™

because a*a=e=a*a" so, b '*a'=bxa,

(2) (a*b)*(axb)=e => (axb)'=axb,

reverse be only one in Group. so b*a=axb.

#3E 9.3 TRESHRE

22. Prove or disprove that the intersection of two subsemi-
groups of a semigroup (S, *) is a subsemigroup of (S, *)

proof: closure;
Va,beSiNS,, then axbeS,, a*xbeS;, so axbeS:NS,
if SiNS, =, still be subsemigroup.

2. Let (S, ») and (7, ¥") be monoids. Show that § x T is
also a monoid. Show that the identity of § x T is (es, er).

Proof:
(1) show (SxT,*") Is a binary operation.
Let (s1,t1)(s2t2) €SxT.
then (51,t1)*"(s2,t2) = (51#s2, t1+t2)
so *" s a binary operation.
(2) show " Is associative.
Consider (51,t1)*"((52,t2) *'(53,t3)) = (51,t1)+"(52#53, t2*'t3)



= (8I#(52#53), t1*( t2*t3))
= ((51* s2)*s3, (t1+' t2)*t3)) by (5*) and (T,*) be associative.
= (8I#s2t1*t2)*'(s3, t3)
= (SLt1)*'(s282) +'(s3t3)
Thus (SxT,#") Is a semigroup.
(3) show (SxT,#") has a identity (es,et).
Let es is a identity of (S,*), et is a identity of (T,*).
Let (5,t) eSxT. then (5,t)*"(es,et) = (s*es, t+'et) = (5,t).
(es,et)*"(s,t) = (es*s, et*'t) = (5,F).

Thus (SxT,+") Is a monoid.

22. Let & be an Abelian group with identity e, and let
H = {x | x* = e}. Show that /& 1s a subgroup of
.

Proof:

(1)show H is closed.

Let a,beH. (a*b)*(a*b) = a*(b*a)*b = ax(a*b)*b = a’*b’=e*e=e.
Thus (a*b) eH.

(2)show e€H.

Because e*e = e, so eeH.

(3)show if xeH then x "eH.

Let xeH, then e= x*x =x*x ", s0 X =x Thus X 'eH.

24. LetGbeagroupandleta € G. Define H, = {x | x € G
and xa = ax}. Prove that H, is a subgroup of .
Proof: show Ha={x|xa=ax} is a subgroup.
(1)show Ha is closed.
Let x,yeHa. (xxy)*xa = x*(y*a) = xx(a*y) = (x*a)*y = (a*x)*y = ax(x*y) .
Thus x*y eHa.
(2)show eeHa.
Because e*a = a = a*e, so eeHa.
(3)show if xeHa then x 'eHa.
Let xeHa, then xa= ax, so a=x "*(xa) = X * (a*x) = (X *a)*x
a =X =((x *a)xx) * X T = (X *ay(xxx ) = x *a
Thus x ‘eH.

27. Find all subgroups of the group given in Exercise 17.

27. LAY, (f. f2. fa, fals LA s fs. fe)s L h fa. . )
= {A. LA, el A AL A &AL LR B Da.



9.4 ENEE. ERTFHMESZ

28, Let (81, %), (8,2, '), and (S5, ") he semigroups, and let
[+ 8 — S and g: §; — S5 be isomorphisms. Show
that g o f: §; — §; 18 an isomorphism.
proof: (g°f)(x *y)= g(f(x *y))=g(f(x) *f(y))
=g(f(x))*g(f(y))=(g°F)(x) *(g°)(y).
one-to-one: suppose (g°f)(a)=(g°f)(b), g(f(a))=g(f(b)), f(a)=f(b), a=b.
onto: VzeS: B gly)=z; VyeS: B f(X)=y;

24. Let A = {0, 1} and consider the free semugroup A* gener-
ated by A under the operation of catenation. Let N be the
semigroup of all nonnegative integers under the operation
of ordinary addition,

(a) Verify that the function f: A* — N, defined by
f(@) = the number of digits i a, 1s a homomor-
phism.

(b) Let R be the following relation on A*- o R B if and
only if f(a) = f(B). Show that R 1s a congruence
relation on A*.

(c) Show that A*/R and N are isomorphic.

Proof: Let A={0,1} and consider (A%, -), (N,+).
(Df(or)=length(a), show f:A*->N is homomorphism.
f(a - B)=f(aB)=length(a)+length(B)=f(a)+f(B)
(2)R: f(a)=f(B),show R is congruence relation.
First show R is equivalence relation.
if f(o)=f(B) and f(yx)=f(d),then f(a - %) = f(B - 5)
(3)A*/R and N is isomorphic.
(A*/R*) : [a]*[B]=[a - B].
Let g([a])=length(a), (1)show g: A*/R->N is homomorphism.
9([a] *[B)=g([o - Bl)=length(a)+length(B)=g([o])+g([B])
(2) onto : VxeN, let a=00-0(x factors) ,g([a])=x.
(3) one-to-one : suppose g([a])=g([B]),
length(a)=length(B),so f(a)=f(B), then aRP, [a]=[p].

28. Let G be an Abelian group and n a fixed integer. Prove
that the function f: G — G defined by f(a) = a", for
a € G, is a homomorphism.

proof: ($F IFHEIIE)

1.because ab=ba, ab*ab=aabb=a’b’,

2.if (ab)"=a"b", then ab*(ab)"'=ab*a"b"=aa"bb"=a""b""
Hence, f(ab)=(ab)"=a"o"=f(a)f(b).



30. Let G be a group with identity e. Show that the function
f: G = G definedby f(a) = eforalla € Gisa
homemorphism.

Proof: LetabeG.
f(axb)=e = exe =f(a)*f(b)
Thus fis a homomorphism.

32. Let G be a group. Show that the function f: G — G
defined by f(a) = a~' is an isomorphism if and only if
G is Abelian.

Proof: (1)Suppose f is isomorphism,

fixy)=(xy) "=f)f(y)=x"y"

so xy=((xy) ) '=(x"y ") '=yx. G is Abelian.
(2)Suppose G is Abelian.

fixy)=(xy) "= y X '=x"y "=f(X)f(y), homomorphism.
onto: VxeG, f(x )=(x")"=x.

one-to-one: suppose f(x)=f(y), x =y,

xx '=e=yy ", right cancelation x=y.

34. Let G = (e, a, a?, a%, a*, a*} be a group under the opera-
tion of a'a’ = a’, where i + j = r (mod 6). Prove that
G and Zg are isomorphic.

Proof: Let f: G->Zswhere f(d) = [I].  f(e)=[0].
(1) show fis a homomorphism.
Let a',a'eG, f(a*a) = f(@) = [r] = [I] +¢[j] = f(@) ++f(2)
Thus f is a homomorphism.
(2) show fis onto.
Let [x]€Zs, then f(a")=[x].
(3)show f is one-to-one.
Let f(a*)= f(a’) =[x]. so x=y (mod 6),
But 0~5 is distinct in (mod 6), so x=y, a'= a’
Thus f is one-to-one.
4. Let G; and G, be groups. Show that the function

f: G, x Gy = G defined by f(a,b) = a, fora € G,
and b € G2, 1s a homomorphism.

Proof: Let (a,b) and (c,d) € GixGo.
f((a,b)*"(c,d))=f(a*c,b*'d)=a*c=f(a,b)*f(c,d)
Thus f is homomorphism.

10. Let G = S;. Determine all the left cosets of H = { f1, g1}
in G.

Solution:



If a € H,then aH= H. Thus fH=gnH = H.
HH = {f, g5}
BH = {f, g2}
aH={g, B}= tH
gaH={gs B}= tH
The distinct left cosets of Hin Sz are H, £H, and AH.

18. Let N be a subgroup of a group G, and let a € G. Define
a”'Na = {a"'na | n € N).
Prove that N is a normal subgroup of G if and only if
a 'Na=Nforala e G.
Proof: (1)If N is normal subgroup,
then VaeG, aN=Na, and eeN.
so a'Na=Na“'a=Ne=N.
(2)If a*Na=N for all aG,
let neN, a'na=n’ for some n‘eN.
a-a'na= a-n’, na=an’ €aN, Then Nac aN.
Similarly, let neN, n= a'n’a, an=a a 'n’a=na, Then aN < Na.
Hence, aN=Na, N is normal subgroup.

20. Find all the normal subgroups of ;.

Solution: (1)find all subgroups.
{f1}{f1,91}{f1,02},{f1,g3}{f1,f2 f3}{f1,f2f3,91,92,93}
(2) select normal subgroups.

{f1}, {f1,f2,3}, {f1,f2,f3,91,92,03}.

28. Let G be an Abelian group and N a subgroup of G. Prove
that G/N is an Abelian group.

Proof:
(1)As G be an Abelian group,
then VaeG, VheN, ah=ha; so aN=Na,
then N is a normal subgroup.
(2) G/N is ={aN| aeG}, N = eN =[e].
(aN)(bN) = [a]*[b] = abN, by Theroem 3 corollary 1,
as ab=ba, abN = baN = [b]*[a]=(bN)(aN).
Hence, G/Nis an Abelian group.

30. Let H and N be subgroups of the group G. Prove that if
N is a normal subgroup of G, then H N N is a normal
subgroup of H.
Proof: Prove that if N is a normal subgroup of G, then HMN is a normal subgroup of H.
(1)show H m N is a subset of H;
vxeH NN, x eH,H N N is asubset of H.



(2)show H m N is a closure;
VxyeH N N, xeH and yeH , xxyeH; xeN and yeN, x*xye N; so xxye H " N.
(3)Since H and N are subgroup of G, eeN and eeH,
soeeH N N.
(4)VxeH NN, x eH , x" eH, and x eN, x* eN;
sox' eHNN.
(5) VxeH, x(HNN) = {xn| neHNN}, let any nieHNN,
because aN=Na, x*n:=nz*x for some nz €N,
N2= X*N*X
since x ' €H, nieH, then n. eH.
nze HNN,
Thus x(HNN) = (HAN)x.
Hence, H NN is a normal subgroup of H.

31. Let f: G — G’ be a group homomorphism. Prove that
f is one to one if and only if ker(f) = {e].

Proof: (1)show if ker(f)=e,then f is one to one.
Suppose ker(f)=e. Let g1,g2€G, and f(g1)=f(g2).
Then f(g1g2")=f(g1)f(g2")=f(g1)(f(g2) ")=f(g1)(f(g1))=e.
Hence gl1g2*eker(f), thus g1g2‘=e and g1=g2.
So f is one-to-one.
(2)show if f is one to one, then ker(f)=e.
Suppose f: G->G’ is one-to-one. Let xeker(f).
Then f(x)= e’ = f(e). Thus x=e and ker(f)={e}.



